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Abstract. In this expository article we first give an overview on multiplier 
ideal sheaves and geometric problems in Kiihlerian and Sasakian geometries. 
Then we review our recent results on the relationship between the support 
of the subschemes cut out by multiplier ideal sheaves and the invariant whose 
non- vanishing obstructs the existence of Kahler-Einstein metrics on Fano man- 
ifolds. 



1. Introduction 

One of the main problems in Kahlcrian and Sasakian geometries is the existence 
problem of Einstein metrics. An obvious necessary condition for the existence 
of a Kahlcr-Einstcin metric on a compact Kahler manifold M is that the first 
Chcrn class c\{M) is negative, zero or positive since the Ricci form represents the 
first Chern class. This existence problem in Kahlcrian geometry was settled by 
Aubin [I] and Yau [55] in the negative case and by Yau [53] in the zero case. 
In the remaining case when the manifold has positive first Chern class, in which 
case the manifold is called a Fano manifold in algebraic geometry, there are two 
known obstructions. One is due to Matsushima [29) which says that the Lie algebra 
f)(M) of all holomorphic vector fields on a compact Kahler-Einstein manifold M 
is reductive, and the other one is due to the first author [16) which is given by a 
Lie algebra character F : \) (M) — > C with the property that if M admits a Kahler- 
Einstein metric then F vanishes identically Besides, it has been conjectured by Yau 
[59] that a more subtle condition related to geometric invariant theory should be 
equivalent to the existence of Kahlcr-Einstcin metrics. This idea was made explicit 
in the paper |50| of Tian in which a notion called K-stability was introduced. Tian 
used a generalized version of the invariant F for normal almost Fano varieties and 
used it as the numerical invariant for the stability condition. The link between 
the idea of GIT stability and geometric problems such as the existence problems 
of Hermitian-Einstcin metrics and constant scalar curvature Kahler metrics can be 
explained through the moment maps in symplectic geometry. The explanation from 
this viewpoint can be found for example in [T3] , [T5J , [13] ■ Recall that an extremal 
Kahler metric is by definition a Kahler metric such that the gradient vector field of 
the scalar curvature is a holomorphic vector field. In particular, a Kahlcr metric of 
constant scalar curvature is an extremal Kahlcr metric. The theorem of Matsushima 
is extended for extremal Kahlcr manifolds by Calabi [3] as a structure theorem of 
the Lie algebra P)(M) on an extremal Kahler manifold M, and the first author's 
obstruction F can be extended as an obstruction to the existence of constant scalar 
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curvature Kahler metric in a fixed Kahler class ([T7], [3]). The theorem of Calabi 
and the character F arc explained in the framework of the moment map picture by 
X. Wang [Si] (see also [H]). 

In [10] Donaldson refined the notion of K-stability for a polarized manifold 
(M, L), that is, a pair of an algebraic manifold M and an ample line bundle L 
over M, and conjectured that there would exist a Kahler form in c\(L) of constant 
scalar curvature if and only if (M, L) is K-polystable. To define K-(poly)stability 
for (M, L) Donaldson refined the invariant F even for non-normal varieties which 
are degenerations of the polarized manifold (M, L) and used it as the numerical 
invariant for the stability condition. The K-stability is defined as follows. For an 
ample line bundle L over a projective variety M of dimension m, a test configura- 
tion of exponent r consists of the following. 

(1) A flat family of schemes it : Ai — > C: 

(2) C*-action on M. covering the usual C*-action on C: 

(3) C*-cquivariant line bundle C — > M such that 

• for t ^ one has M t = 7T _1 (t) = M and (M t ,C\ Mt ) = (M,L r ), 

• x(Mt, L r t ) = J2™=q(~ 1) p dim H p (M t , L r t ) does not depend on t, in particular 
for r sufficiently large dimH°(M t , L r t ) = dimF°(M, If) for all * G C. Here 
we write L\ for C\m ± though L may not exist for t = 0. 

The C*-action on (£,A4) induces a C*-action on the central fiber L — > M = 
7r _1 (0). Moreover if (M,L) admits a C*-action, then one obtains a test configura- 
tion by taking the direct product MxC. This is called a product configuration. 
A product configuration is called a trivial configuration if the action of C* on M is 
trivial. 

Definition 1.1. (M, L) is said to be K-semistable (resp. stable) if the invariant F\ 
(defined below) of the central fiber {Mq,Lq) is non-positive (resp. negative) for all 
non-trivial test configurations. (M, L) is said to be K-polystable if it is K-semistable 
and F\ = § only if the test configuration is product. 

Here the invariant F\ is defined as follows. Let Lq — > Mq be an ample line bundle 
over an m-dimensional projective scheme. We assume that a C*-action as bundle 
isomorphisms of Lq covers the C* -action on Mo. For any positive integer k, there 
is an induced C* action on Wk = H°(Mo, Lq). Put dk = dimWk and let Wk be 
the weight of C*-action on /\ dh Wk- For large k, dk and Wk are polynomials in 
k of degree m and m + 1 respectively by the Riemann-Roch and the equivariant 
Riemann-Roch theorems. For sufficiently large k we expand 

^=F Q + F 1 k- 1 +F 2 k- 2 + --- . 
ka k 

When Mo is smooth, Fx coincides with F(X) up to a negative multiple constant 
where X is the infinitesimal generator of the C*-action on Mo. 

The necessity of K-polystability for the existence of constant scalar curvature 
Kahler metric has been studied by Chen and Tian [B], Paul and Tian [33], [31], 
Donaldson [TTJ, Stoppa [T7] and Mabuchi [55]. 

Returning to Fano manifolds, there are two hopeful approaches to prove the 
sufficiency of K-polystability for the existence of Kahler-Einstein metrics. One 
is the Monge-Ampere equation and the other is the Kahler-Ricci flow. In both 
cases the difficulty arises in the C°-estimate, and when the C°-estimate fails the 
multiplier ideal sheaves and the subschemes cut out by them appear. The multiplier 
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ideal sheaves arising from the Monge- Ampere equation were studied by Nadel [3D] , 
and those arising from Ricci flow were studied for example by Phong, Sesum and 
Sturm |37| and Rubinstein |40j . We will give an overview on this subject in section 
2. On the hand, for a given subscheme V in M, Ross and Thomas [38] considered 
the test configuration obtained by blowing up AI x C along V x {0}. M is said to 
be slope stable if the invariant F\ for the test configuration is negative for any V . 
These works lead us to ask how the invariant F (or more generally F\) is related 
to the multiplier ideal sheaves arising from the Monge-Ampere equation and the 
Ricci flow. We will treat this subject in section 3. 

Now we turn to Sasakian geometry. For general facts about Sasakian geom- 
etry, refer to the book [SJ. Let (S, g) be a Riemannian manifold. We denote 
its Riemannian cone (K + x S,dr 2 + r 2 g) by (C(S),g). A Riemannian manifold 
(S, g) is said to be a Sasaki manifold if the Riemannian cone (C(S),g) is Kahlcr. 
From this definition the dimension of Sasaki manifold (S, g) is odd, and we put 
dimffi = 2m + 1 so that dime C(S) = m + 1. (S, g) is isometric to the submanifold 
{r = 1} = {1} xSc (C(S),g), and we identify S with the submanifold {r = 1}. 
Let J be the complex structure on C(S) giving the Kahler structure. Consider the 
vector field 



Then — is a holomorphic vector field. The restriction £of£toS' = {r = l} 
becomes a Killing vector field, called the Rceb vector field. The flow generated by 
£ is called the Reeb flow. The restriction rj of the 1-form rj on C(S) defined as 

V = -29{€,-) = V-Lid- d)\ogr 

to S = {r = 1} becomes a contact form. Hence dr) defines Kahler forms on local 
orbit spaces of Reeb flow. That is to say, the 1-dimensional foliation defined by £ 
comes equipped with a structure of transverse Kahler foliation. A Sasaki manifold is 
said to be regular if the Reeb flow generates a free ^-action, quasi-regular if all the 
orbits are closed. A Sasaki manifold is said to be irregular if it is not quasi-regular. 

For a polarized manifold (M, uj) the associated £/(l)-bundle S of L becomes a 
regular Sasaki manifold in a natural way: Choose a positive (1,1) form representing 
Ci(I/), take the Hermitian metric h on L such that the connection form rj on L has 
its curvature form drj equal to ui. The Kahler cone C(S) is L minus the zero 
section with the Kahlcr form given by ^ddr 2 where r is the distance from the zero 
section. Conversely, any regular Sasaki manifold is given in this way. Similarly, 
a quasi-regular Sasaki manifold is given as an associated J7(l)-orbibundle over an 
orbifold. 

As is shown in [20j most of ideas in Kahler geometry can be extended to trans- 
verse Kahler geometry for Sasaki manifolds. For example one can extend Calabi's 
theorem to compact Sasaki manifold whose transverse Kahlcr metric is an extremal 
Kahler metric, and one can extend the obstruction F as an obstruction for a basic 
cohomology class to admit a transverse Kahler form with constant scalar curvature. 

A Sasaki-Einstein manifold is a Sasaki manifold whose metric is an Einstein 
metric. This condition is equivalent to that the transverse Kahler metric is Kahlcr- 
Einstein. Thus the study of the existence problem of Sasaki-Einstein metrics are 
closely related to the problem of Kahler-Einstein metrics. But there are differences 
between them. To explain the differences let k be the maximal dimension of the 
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torus which acts on C(S) as holomorphic isometrics. When k = m + 1 the cone 
C(S) is a toric variety, and in this case the Sasaki manifold S is said to be toric. 
Notice that k is at least 1 because £ generates holomorphic isometries on C(S). 
The other extreme case is therefore when k = 1. In this case the Sasaki manifold 
is necessarily quasi-regular. 

The contact bundle D = Kerr; C TS has a complex structure given by the 
restriction of J. A necessary condition for the existence of Sasaki-Einstein metric in 
a fixed transverse Kahler structure is that the following two conditions are satisfied: 

(a) the basic first Chern class is represented by a positive transverse (1, l)-form; 

(b) dOD)=0, 

see [2] or [20] for the proof. In [20] it is proved that if a compact toric Sasaki 
manifold satisfies the conditions (a) and (b) then we can deform the Reeb vector 
field so that the resulting Sasaki manifold has a Sasaki-Einstein metric. It can 
be shown that the conditions (a) and (b) are rephrased as the Sasaki manifold is 
obtained from the toric diagram of constant height, and equivalcntly as the apex of 
C(S) is a Q-Gorenstein singularity (c.f. [8]). In the case of the other extreme when 
k = 1 the conditions (a) and (b) only say that the orbit space of the Reeb flow is 
a Fano orbifold. In this case there is no deformation space of Reeb vector field and 
the problem has the same difficulty as the problem of Kahler-Einstein metrics. For 
the intermediate cases when 1 < k < m + 1 the authors do not even know how to 
state the conjecture. In the extreme case where k = 1 numerous existence results 
were obtained by Boyer, Galicki, Kollar and their collaborators using the multiplier 
ideal sheaves, which will be reviewed in the next section. 

2. An overview of multiplier ideal sheaves 

In this section, we recall the results about the relationships between the existence 
of Kahler-Einstein metrics on Fano manifolds and the multiplier ideal sheaves, and 
related topics. In particular we focus on Nadel's works and recent results about the 
multiplier ideal sheaves and the Kahler-Ricci flow. 

Nadel [30] gave a sufficient condition for the existence of Kahler-Einstein metrics 
on Fano manifolds by using the multiplier ideal sheaves, which was originally studied 
in the works of J.J. Kohn. Let M be a compact m-dimcnsional Fano manifold. Let 
g be a Kahler metric on M, whose Kahler class equals to the first Chern class ci(M) 
of M. Let 70 £ (0, 1). We denote the Kahler form and the Ricci form of g by u> g 
and Ric(g) respectively. Let 

(1) S := { Vk e C?{M) | g fj + d t d m > 0, sup <p k = 0, 1 < k < oo} 

M 

be a sequence of Kahler potentials with respect to tu g such that 

(2) lim / e-~ /Vk dV = oo 

for any 7 € (70, 1), and that there is a nonempty open subset U C M satisfying 
that 

(3) / e - Vk dV < 0(1) 

Ju 

as k — > 00, where dV is a fixed volume form. Remark that the last condition ([3|) 
always holds for any S due to gq + didjip > (see for instance @H])- For each S, 
Nadel constructed a coherent ideal sheaf I(S), which is called the multiplier ideal 
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sheaf (MIS). We will explain later the simpler definition of multiplier ideal sheaves 
given by Demailly-Kollar [S]. 

Here let us recall the outline of Nadel's construction. (See the original paper [5U] 
for the full details.) Let L be an arbitrary ample line bundle on M which is not 
necessarily the anticanonical line bundle of M. We define H°{M,L v )s to be the 
set of all / £ H°(M, L u ) for which there exists a sequence {/&} of H°(M, L v ) such 
that 

/ \f k \ 2 e-™ k dV < C 

J M 

for some 7 € (70, 1) and /fc — * / uniformly. Consider the homogeneous coordinate 
ring 

OO 

R(M,L) = @H (M,L"). 

i/=0 

Define 

00 

7(M, S,L)=0H°(M,^) Sl 
v=a 

which is a homogeneous ideal I(M,S,L) of the graded ring R(M,L). Then, the 
ideal sheaf X(S) is defined as the algebraic sheaf of ideals on M associated to 
I(M, S, L). It is proved in [30] that this construction is independent of the choice 
of L. Let V(S) be the (possibly non-reduced) subscheme in M cut out by T(S). 
This subscheme is characterized as follows. A point p € M is contained in the 
complement of V(S) if and only if there exist an open neighborhood W of p in M 
and a real number 7 € (70, 1) such that 

/ e- Jtpk dV <0(1) 
Jw 

as k — > 00. Remark that V(S) is neither empty nor M if S satisfies the conditions 
P, © and ©. 

One of the distinguished properties of this ideal sheaf is the following vanishing 
theorem. 

Theorem 2.1. |30j For every semi-positive Hermitian holomorphic line bundle L 
on M, 

H l {M, 0{L)®1{S)) = 0, for all i > 0. 
In particular, we have 
(4) IP(M,1(S)) =0, i > 0. 

Remark that Q at i = follows from the fact that the subscheme V(S) is not 
empty. We also find that (JU) implies 

r «rt i7°(V(5),O v(s) ) = C 

1 ; H l (V(S),O v{s) ) = foraUi>0. 

This vanishing formula ((SJ) gives us several geometric properties of V(S'). For ex- 
ample, 

(a) V(S) is connected. 

(b) If V(S) is zero dimensional, then it is a single reduced point. 

(c) If V(S) is one dimensional, then it is a tree of smooth rational curves. 
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The main result in |30j is that if a Fano manifold does not admit Kahler-Einstein 
metrics then the bubble of the solution of the continuity method induces a proper 
multiplier ideal sheaf with the above vanishing formula To explain it, let us 
recall the continuity method for the Monge-Ampcre equation. Here, we assume 
that 70 = m/ (m + 1)- Consider the following equation 

(6) (det(c?y) + <9i<%¥> 4 )/(detOy)) = exp(h g - ttp t ), 
where t G [0,1] and h g is the real- valued function defined by 

(7) Ric( ff ) -w g = ^ddh g , I e h °w™ = [ w ™ = V. 

Z7r Jm Jm 

It is well-known that the space T := {t G [0, 1] | © has a solution} contains 
(due to the Calabi-Yau theorem) and open in [0, 1] (due to the implicit function 
theorem). If T is closed then ([5]) is solvable at t = 1, i.e., u> g + ^j^-ddipi gives 
a Kahler-Einstein form. A priori estimates for the closedness of T were given by 
Yau [58]; if ([6]) is solvable at s G [0, t) and ||y s ||c° is uniformly bounded then (J6]) 
is solvable at s = t. Nadcl proved that if the solution {<pt}o<t<t of ([6]) violates 
the above estimate, then there is a sequence {tk} such that tk — > to as k — > oo and 
{<Pt k — sup M ( fit k }'kLi induces a proper multiplier ideal sheaf X. In this paper, we 
call it the Kahler-Einstein multiplier ideal sheaf (KE-MIS). Summing up, 

Theorem 2.2 ([3D]). Let M be a Fano manifold which does not admit Kahler- 
Einstein metric. Let G be a compact subgroup of the group Aut{M) of holomorphic 
automorphisms of M . Assume that M does not admit any G -invariant proper 
multiplier ideal sheaf. Then M admits Kahler-Einstein metrics. Here G c denotes 
the complexification ofG. 

By combining the above theorem and the geometric properties of V(S) given 
by the vanishing formula (0), Nadel gave many examples of Kahler-Einstein Fano 
manifolds. Recently Heier [53] applied this method to (re-)prove the existence of 
Kahler-Einstein metrics on complex del Pczzo surfaces obtained from the blow up 
of CP 2 at 3,4 or 5 points, which was originally proved by Siu [H], Tian [3§], Tian 
and Yau [5T] . 

This method was extended to the case of Fano orbifolds by Demailly-Kollar 
[9]. Their construction is simpler than [30]. Let ip be an w ff -plurisubharmonic 
(psh) function (or almost psh function with respect to u g ), i.e., a real- valued upper 
semi-continuous function satisfying uj g + : ^^-ddijj > in the current sense. The 
multiplier ideal sheaf with respect to ip in the sense of [SJ is the ideal sheaf defined 
by the following presheaf 

(8) T(U,X(ip)) ={/G 0(U) | / \f\ 2 e^dV<^} 

Ju 

where U is an open subset of M. This sheaf is also coherent and satisfies the 
vanishing theorem of Nadel type. In terms of this formulation, Theorem 12.21 can 
be written as follows. Let {(ft} be the solution {<Pt}o<t<t °f © which violates a 
priori estimates. 

Theorem 2.3 ([9 ]). Let M be a Fano manifold of dimension m. Let G be a compact 
subgroup of Aut{M). Assume that M does not admit a G -invariant Kahler-Einstein 
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metric. Let 7 G (m/(m + 1), 1). Tften i/iere exists a G-invariant sequence {ft k }^i 
such that 

• tk — > to as k — > 00 , 

• f/iere exists a limit tp^ = linifc_ f00 ((/3 tfc — sup M <pt h ) in L -topology, which is 
an u) g -psh function, and 

• I (7V00) * s a G c -invariant proper multiplier ideal sheaf, i.e, X(7<^ 00 ) is nei- 
ther nor Om ■ 

We call 1(7(^00) the KE-MIS of exponent 7. In the above, one of the important 
ingredients is that the upper bound of 7 is strictly smaller than 1. To explain 
this point, we shall state Nadel's vanishing theorem in terms of Demailly-Kollar's 
formulation. Let L be a holomorphic line bundle over M with a singular Hermitian 
metric h = hoe~^ , where ho is a smooth Hermitian metric and ip is a L^-function. 
Assume that &h{L) = ^^-dd(—logho + ip) is positive definite in the sense of 
currents, i.e., ®h(L) > euj g for some e > 0. Then, in the same spirit of Nadel's 
vanishing theorem, we have 

(9) H i (M,K M ®L®l{ip))=0, *>0, 

where Km is the canonical line bundle. Now let ip be an aj s -psh function on a 
Fano manifold M with [u> g ] = c\{M). Substitute K M X and jip into L and ip in © 
respectively, and assume ho associates to uj g . Since oj v = uj g + ddp > 0, we 
have 

@h oe -f<p{L) = + (1 - 7V 9 > (1 - l)u g 
if 7 < 1. This means that the positivity condition for @ with respect to hoe ~ lv 
holds if 7 < 1. Then © implies 

H\M,1{ 1V >))=Q, i > 0. 

Moreover, if the subscheme cut out by Ifytp) is not empty, then 

H°(M,l(j<p)) = 0. 

Summing up, we get 

Lemma 2.4. // i/iere exists a positive constant 7 < 1 and an uj g -psh function 
ip such that T{pnp) is proper, then T(pnp) satisfies |7J). In particular, X{pnp ao ') for 
7 G (m/(m + 1), 1) in Tfeeorem lii.ffl satisfies ^ (and then 

On the other hand, the lower bound of 7 in Theorem 12.31 describes the strength 
of the singularity of ip^ . It is closely related to a holomorphic invariant introduced 
by Tian [49]. It is often called the a-invariant, which is defined by 
(10) 

a G (M) := sup{a G M | / e " a( ^^ sup « ^u>™ < C a for all G-invariant cj 9 -psh ?/>} 

where G C Aut(M) is a compact subgroup. If a multiplier ideal sheaf T(p)ip) 
with respect to a G-invariant w 9 -psh function ip of exponent 7 is proper, where 
sup M "0 = 0, then ac{M) < 7, because e~^ ! is not integrable over M. Conversely, 

Lemma 2.5. If ac(M) < 1, then there exist a positive constant 7 G (0, 1) and a 
G-invariant u> g -psh function ip with sup M ip = such that T(-~fip) is proper. 

Tian gave a sufficient condition for the existence of Kahler-Einstein metrics on 
Fano manifolds in terms of this invariant. 
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Theorem 2.6 (|HJ). Ifaa(M) > m/(m+l), then M admits a G -invariant Kahler- 
Einstein metric. 



Using Theorem 12.61 Tian and Yau proved the existence problem of Kahlcr- 
Einstein metrics on Fano surfaces, i.e., the Fano surfaces obtained from the blow 
up of CP 2 at k points where 3 < k < 8 admits a Kahlcr-Einstcin metric. Both 
of the lower bound of cxq(M) and the non-existence of the proper multiplier ideal 
sheaves satisfying give sufficient condition for the existence of Kahler-Einstcin 
metrics on Fano manifolds, and they are related directly to each other. For example, 
Lemma [2T4l and [2~5l we have 

Lemma 2.7. If ac(M) < 1, then a G c -invariant proper multiplier ideal sheaves 
satisfying {5j) exists. 

Although aa(M) is difficult to compute in general, it is possible to calculate it 
when M has a large symmetry such cases as (46] for toric varieties and [12] for the 
Mukai-Umemura 3-folds. On the other hand, there is a local version of the cta(M)- 
invariant, which is called the complex singularity exponent [9]. Let K C M be 
a compact subset and ip be a G-invariant w g -psh function on M. Then the complex 
singularity exponent Ck (VO °f V' with respect to K is defined by 



This constant depends only on the singularity of tp near K. It is obvious that 
ck (VO > olg{M). One of the important properties of ck(iP) is the semi-continuity 
with respect ip. Let V(M) be the set of all locally L 1 ui g -psh functions on M with 
L 1 -topology. Then, we have (cf. Effective version of Main Theorem 0.2 in [5]) 

Theorem 2.8 ([£)). Let K C M be a compact subset of M. Let tp G V(M) be 
given. If c < ck{}P) and ipj — > tp in V(M) as j — > oo, then e~ c ^ j — > e~ cv in 
L 1 -norm over some neighborhood U of K . 

In particular, if {ipj} satisfies 



where 7 G (70, 1) and ijjj — > if in V(M), then cm if) < 7o- This theorem allows us 
to substitute Theorem [23] for Theorem l2.2l In fact, if the solution ip t of ([6]) violates 
a priori C°-estimate at t = to, by using a Harnack inequality we can show 



for any 7 £ (m/(m + 1), 1). In Theorem 12. 2i a subsequence of {ft} induces the KE- 
MIS, which is proper. On the other hand, Theorem 12.81 implies that e~ 7V °° is not 
integrable over M for any 7 £ (m/ (m + 1), 1), where ifioo := lim^ 00 ((^ ti — supt^tj. 
This means that i^oo induces the KE-MIS in Theorem 12.31 

The multiplier ideal sheaves in [S] and the complex singularity exponent can be 
defined algebraically as follows (cf. [57] and [5] for instance). Here we consider a 
smooth variety M of dimension m. Let D — aiDi be a Q-divisor on M. A log 
resolution of (M, D) is a projective birational map fi : M' — > M with M' smooth 
such that the divisor 



ck{^) = sup{c > j e 



is L 1 on a neighborhood of K}. 
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has simple normal crossing support. Assume D is effective and fix a log resolution 
fi of (M, D). Then the multiplier ideal sheaf T(M, D) C Om with respect to D is 
defined by 

(11) M9m< (K m > - H* ( \K M + D\ )) , 

where [Km + D\ means the integral part of Km + D. Remark that 1(M, D) is 
independent of the choice of p,. This (algebraic) ideal sheaf corresponds to the 
following (analytic) multiplier ideal sheaf defined in [3]. Take an open set U C M 
so that for each Di there is a holomorphic function gi locally defining Di in U . Let 
ifiD '■= 2ai log \ gi\ which is plurisubharmonic on U and define 

(12) mHvn)) := {/ G O m (U) \ G L{ QC } 

as before. For simplicity, we assume that D = atDi has simple normal crossing 
support. The holomorphic function / satisfies the L 2 -intcgrability condition in Q12|) 
if and only if / can be divided by Y[ g mi where nii > [a^J , i.e., T(^pd) = Om{— \D\). 
Let fx : M' — > M be a log resolution of D. Then we have 

X(M,D) = ^0 M '(K M ' - ^([K M + D\)) = O m (-[D\) =X(ip D ). 

The second equality in the above was proved in Lemma 9.2.19 [57]. We also have 

(13) l{tp D )=0 M ^ e- ipD eL 1 (M,D)isKLT. 
Here we say that a pair (M, D) is KLT if and only if 

ovd E {K M > - M* {[Km + DJ)) > -1 

for every exceptional divisor £7 with respect to a log resolution fi : M' — > M. In 
particular (M,D) is KLT is equivalent to that T(M,D) = Ox- The equivalent 
relation fTS"]) essentially follows from that if Z?i is defined by {zi = 0} for a local 
coordinate {2^} then the L 1 -integrability of e~ VD is equivalent to that at < 1 for 
all i (Proposition 3.20 [H]). In particular, 

(14) (M, 7D) is KLT <^> e~ WD G L 1 . 

Remark that this holds for an (M, D) where does not necessarily have simple 
normal crossing support (Proposition 3.20 [24]). By using the KLT condition ([T4"]) . 
we can rephrase Theorem 12.31 Assume that a Fano manifold M does not admit 
a Kahler-Einstein metric. Let ipt be the solution of © where t G [0, to)- As 
explained before, by taking a subsequence of {y>u ~ su Pm Vtjli there exists a limit 
(^oo in L 1 -topology, which is an u> g -psh function, such that e _7Voc ^ L 1 for all 
7 G (m/(m + 1),1). Since an approximation theorem in [3J implies that any cu g - 
psh function can be approximated by an ui g -psh function formed of log(J^ i |/i| 2 ) 
where all fi are holomorphic functions, we can replace the above tpoo by an w g -psh 
function formed of |log|r s | where r s G H°(M, K M S ) for sufficiently large s. That 
is to say, there exist a sufficiently large integer s and r s G H°(M, K M S ) such that 
e -2 7 iio g |r s | = | Ts |-^ ^ Li f or all 7 G ( m /( m + 1),1). Here | ■ | is the induced 
Hcrmitian metric on K M S with respect to the Kahler metric g. Hence we have 
the following theorem. Remark that the original result holds for orbifolds, but for 
simplicity we assume that M is smooth in this paper. 

9 



Theorem 2.9 (Theorem 20 [H], Theorem 5.2.16 0). Let M be a Fano manifold 
of dimension m and G be a compact subgroup of Aut(M). Assume that there is an 
e > such that a pair (M, ^tjD) is KLT for every G-invariant effective divisor 
D which is numerically equivalent to K~^, . Then M has a G-invariant Kdhler- 
Einstein metric. 

The complex singularity exponent can be also defined algebraically as follows, 
which is called the log canonical thresholds (cf. Appendix in [5]). Let Z C M be 
a closed subvariety. For an effective Q-Cartier divisor D on M, the log canonical 
threshold of D along Z is defined by 

\ctz(M, D) := sup{A £ Q | the pair (M, AD) is log canonical along Z}. 

Here, the pair (M, D) is called log canonical along Z if T(M, (1 — e)D) is trivial in 
a neighborhood of every point x S Z for all < e < 1. For instance, let us consider 
a simple case. Let M be a Fano manifold and a G H°(M, Kjj). Let ip^ be an 
w-psh function defined by ip a {z) = jlog\a(z)\. Let D a be the associated divisor 
with a and Z be a closed subvariety in M. In this case, lctz(M, jD) is the same as 
cz(^v)- The log canonical threshold plays an important role in the studies of the 
multiplier ideal (sheaves) in algebraic geometry (cf. [27j). Hence we could expect 
that the complex singularity exponent with respect to the limit <poo in Theorem 
12.31 has something to do with the existence of Kahlcr-Einstcin metrics although it 
is not clear at the moment. 

To find Kahler-Einstein metrics on Fano manifolds, there is another way instead 
of solving ©, which is the (normalized) Kahler-Ricci flow. The Ricci flow was 
introduced by R. Hamilton, and on a Fano manifold M with Kahler class c\ (M) it 
is defined by 

(15) ^-ui t = -Ric(w t ) + w t , uj = uj g 

where t £ [0, oo) and lot is the Kahler form of the evolved Kahler metric gt- Remark 
that p5[) is normalized so that the Kahler class of gt is preserved. The existence 
and uniqueness of the solution of (fT"5)) for t G [0, oo) was proved by Cao |3j. If (jTSJ) 
converges in C°°, the limit is a Kahler-Einstein metric. Then, it is natural to ask 
whether the results about the multiplier ideal sheaves obtained from the continuity 
method also hold or not for the Kahlcr-Ricci flow. The first result of this issue was 
given by Phong-Sesum-Sturm [37] (see also [36]). The equation ([TS"]) can be reduced 
to the equation at the potential level 

(16) —(ft = logKVo^) + tp t - hg, ^Q = C 

where c is a constant and u>t = uj g + \ ~^ ddtpt. They gave a necessary and sufficient 
condition condition for the convergence of ipt as t — > oo. Their proof consists of the 
parabolic analogue of Yau's arguments for the elliptic Monge- Ampere equation, the 
estimates about the Kahlcr-Ricci flow by Perelman (cf. [43]) and the result about 
the Monge- Ampere equations by Kolodziej ([25], [26]). 

Theorem 2.10 ([37]). For a certain appropriate constant c — Cq, the convergence 
of the solution of H6]) is equivalent to that there exists p > 1 such that 

sup i / e-P^u;" 1 < oo. 
t>o V J M 
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The convergence is then in C°° and exponentially fast. 

To restate the above theorem in terms of the multiplier ideal sheaves, they in- 
troduced the sheaf J p with respect to a family {ipt}o<t<oo of Kahler potentials, 
which is defined by the presheaf 

(17) T(U, J p ) = {f e 0(U) | sup [ |/| 2 e-^< < oo}. 

t>0 J M 

Hence Theorem 12.101 implies 

Corollary 2.11 ([37]). The Kahler- Ricci flow converges if and only if there exists 
p > 1 such that J p contains the global section 1. 

The sheaf J p gives a necessary and sufficient condition for the existence of 
Kahler-Einstein metrics and the lower bounds of p is optimal (cf. remarks in [37]), 
whereas such results are not known for the case of the continuity method. We 
emphasize that the sheaf J p contains different informations from the multiplier 
ideal sheaves in Theorem l2.3[ because we do not need the limit of {(ft} but the whole 
of {(ft} in order to define J p . In fact, in order to get the limit of {ft}, we need the 
appropriate normalization of {ft} as Theorem 12. 31 In the terminology of the recent 
paper [JSJ , the J p can be regarded as a dynamic MIS which is similar to the Nadel's 
formulation rather than a static MIS as the Demailly-Kollar's formulation. Now 
let us consider Theorem 12. 101 by using the static MIS instead of the dynamic MIS. 
Theorem 12.101 implies that if the normalized Kahler- Ricci flow does not converge, 
then there is a subsequence {ft t }i of the solution of (| 16[) such that 

as i — > oo for any p > 1. Hence, the limit foo := lim((p ti — sup^tj) implies the 
multiplier ideal sheaf T{pf 00 ), which is proper for any p > 1. That is to say, if there 
is no G-invariant cj^-psh function if) such that X(pV0 is proper for any p £ (1, +oo), 
then M admits a G-invariant Kahler-Einstein metric. More precisely, 

Theorem 2.12. [37] Let M be a Fano manifold. Let G C Aut(M) be a compact 
subgroup. Assume that M does not admit Kahler-Einstein metrics. Let p S (l,oo) 
and uj g € C\{M). There is a G-invariant subsequence of the solutions {fkj}j>\ °f 
116\) such that 

• there exists the limit f^ — linij^oo {fkj ~ y J M fkj ^™) in L 1 -topology, 
which is an u> g -psh function, and 

• T(pip OCl ) is a G c -invariant proper multiplier ideal sheaf satisfying 

H^M^ipfoa) g> K M [pi ) = 0, for alli>\. 

Note that Nadel's vanishing formula ([5]) need not hold for the induced MIS 
T(pfoo), because p > 1. However, this result still has an application. By using a 
weaker version of Nadel's vanishing theorem and Corollarv l2.1U Hcier [53J proved 
the existence of Kahler-Einstein metrics for certain del Pezzo surfaces with large 
automorphism group. 

After [37], Rubinstein [50] gave an analogous result as Theorem 12.31 for the 
Kahler-Ricci flow by using a static MIS as Demailly-Kollar. His proof is similar to 
the case of the continuity method, and makes use of the estimates of Perelman and 
the uniform Sobolev inequality of the Kahler-Ricci flow given by Ye [60] and Zhang 
[61], which appeared after [37], in stead of Kolodziej's theorem. 
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Theorem 2.13 ( [40] ) . Let M be a Fano manifold of dimension m. Let G be 
a compact subgroup of Aut(M). Let 7 G (m/(m + 1),1). Assume that M does 
not admit a G-invariant K abler- Einstein metric. Then there is an initial constant 
c o = an d a G-invariant subsequence {v?ti} of the solution of il6\) such that 

• there exists the limit ipoo — lim ti _^ 00 ((/3 ti — y J M ip ti u>g l ) in L 1 -topology , 
which is an ui g -psh function, and 

• I(7</3 0o ) is a G c -invariant proper multiplier ideal sheaf. 

In this paper, we call the above multiplier ideal sheaf X^cp^) the KRF multi- 
plier ideal sheaf of exponent 7. There are some remarks about the above theorem. 
First, the KRF multiplier ideal sheaf is independent of the choice of initial constant 
Co of (|16[) due to the normalization of tp^. In fact, if we choose another constant 
c' instead of the constant Co in Theorem 12.131 which is the same as Theorem 12. 101 
the solution of ([16]) is given by ip' t = (ft + (c' — co)e*. In contrast to this, when 
we consider the convergence of non-normalized Kahler potentials {(ft} as Theorem 
I2.10[ we need to pay attention to the choice of the constant Co- Second, the normal- 
ization in Thcorcm l2.13l is equivalent to the one in Theorem l2.3l In fact, there is a 
uniform constant C such that sup M <pt — C < y J M ft^ m < suPm <Pt- Third, 7 is 
contained in the interval (m/(m + 1), 1). This means that the subschemes cut out 
by 1(7^00) satisfies (|5|) and we can make use of the induced geometric properties. 
Fourth, the process to prove Theorem 12.131 is similar to the case of the continuity 
method, and the proof in [40] implies immediately that if olg{M) > -^jp^ then the 
Kahler-Ricci flow will converge. (This similarity is pointed out in [7] after [40] too.) 

Rubinstein [41] also gave the analogous result of Theorem 12.121 in terms of the 
discretization of the Kahler-Ricci flow called "Ricci iteration." Given a Kahler form 
uj G ci(M) and a real number r > 0, the time r Ricci iteration is denned by the 
sequence {u)kr}k>o satisfying 

(18) u kT = W(fe_i) T + TUJkr - rRic(cj fer ) for k G N, 

and wo = uj. When r = 1, (fT8|) is the discretization of (fT5|) . Let Ti^ be the space 
of Kahler potentials with respect to (w,ci(M)) 



Uu ■= {V> G Cg I ^ = u + ^—dByj > 0}. 

Z7T 

Let huj^ be the Ricci potential with respect to tu^p defined as |7|). Since [wfer] = 



where k G N, io^ kT = to kT and ip kr := %jj kT - ^(fc-i)T- 

Theorem 2.14. [41] Let M be a Fano manifold. Let G C Aut(M) be a compact 
subgroup. Assume that M does not admit Kahler- Einstein metrics. Let r = 1. Let 
7 G (l,oo) and uj G C\{M). There is a G-invariant subsequence of the solutions 
{V'fcj }j>i of H9\) such that 

• there exists the limit Lp^ = limj—xx, (ip^ — y J M 4! kj uj m ) in L 1 -topology, 
which is an ui-psh function, and 

• I(7</3 0o ) is a G c -invariant proper multiplier ideal sheaf satisfying 





iP(M, X(7¥>oo) ® K M LtJ ) = 0, for alli>\. 



12 



Considering Yau's conjecture, it is also natural to ask how stability conditions 
in the sense of GIT is related to the convergence of the Kahler-Ricci how. For 
example, see [35] , 05] and [M] for references of this issue. 

3. Direct relationships between multiplier ideal sheaves and the 

obstruction f 

It is conjecture by Yau that the existence of canonical Kahlcr metrics such as 
Kahler-Einstein metrics and constant scalar curvature metrics for a given Kahlcr 
class would be equivalent to stability of manifolds in some sense of Geometric 
Invariant Theory. This conjecture is formulated by Tian and Donaldson in terms 
K-polystability as explained in section 1, and is still open. 

This conjecture is an analogue of the so-called Hitchin-Kobayashi correspon- 
dence, which was proved by Donaldson, and Uhlenbeck and Yau. The proof of 
the direction from stability towards the existence of Hcrmitian-Einstcin metrics 
was proceeded by constructing subsheaves which violate stability (such sheaves are 
often called destabilizing subsheaves) from the bubble of the Yang-Mills heat flow 
or the continuity method if a vector bundle does not admit a Hermitian-Einstein 
metric. Weinkove [57] defined a MIS for each sequence of Hcrmitian metrics on a 
holomorphic vector bundle and by using it he proved that the bubble of the Yang- 
Mills heat flow induces a destabilizing subsheaf. Hence, as the analogy between 
the Yau-Tian-Donaldson conjecture and the Hitchin-Kobayashi correspondence, we 
could expect that the MIS obtained from the continuity method or the Kahler-Ricci 
flow corresponds to a destabilizing subsheaf in some sense for a Fano manifold with 
anticanonical polarization, but their relation is not clear at this moment. This issue 
leads us to study direct relationships between the multiplier ideal sheaves and the 
obstruction F. Such a direct relationship was first pointed out by Nadel in [31] . 
Extending Nadel's result is the main purpose of this section. 

Up to this point we have not defined the character F explicitly, which we do 
now. Let M be an m-dimcnsional Fano manifold with Kahler class C\(M) and g 
be a Kahler metric whose Kahler form cu g represents c\(M). We denote the Lie 
algebra consisting of all holomorphic vector fields on M by f)(M). We define the 
map F : f)(M) -► C by 

F(v) := I vh g u™. 

JM 

In [IB], the first author proved that F is independent of the choice of g and that 
F is a Lie algebra character of t)(M). If M is a Kahler-Einstein manifold, then 
F vanishes on f)(M) because we can take h g = 0. Thus the vanishing of F is a 
necessary condition for the existence of Kahler-Einstein metrics, but it is known 
that it is not sufficient. For example, in |50| Tian gave a counterexample which does 
not admit Kahler-Einstein metrics and have no nontrivial holomorphic vector fields. 
So it is reasonable to study relationships between the invariant F and the multiplier 
ideal sheaves. First of all, we consider the multiplier ideal sheaves obtained from the 
continuity method in the sense of Nadel. Assume that M docs not admit Kahler- 
Einstein metrics and that f)(M) ^ {0}. For each nontrivial holomorphic vector field 
v, define 

Z+{v) := {p e Zero(» | Rc(div(u)) > 0}, 
where Zero(v) is the zero set of v and div(u) is the divergence of v with respect 
to some Kahler metric g, i.e., div(w) = (£„(a;™))/a;™, C v being the Lie derivative 
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along v. Remark that Z + {v) does not depend on the choice of g, although div(v) 
does. Since M does not admit a Kahler-Einstein metric, the closedncss of the set 
of t's for which the solutions {<pt} of © exist does not hold, that is, the solutions 
cease to exist at some to G (0, 1]. Then the main result in [31] is as follows. 

Theorem 3.1 ([2I]). Let M, t)(M) and {(fit} be as above. Let V be the induced 
KE-MLS obtained from a subsequence of {<fti}i where U < to and £j — > to- Then, 
for any v G fy(M) with F(v) = 0, the support ofV is not contained in Z + (v). 

By using the above theorem, Nadel gave another theoretical approach to show 
that CP 1 does admit a Kahler-Einstein metric. In fact, if we assume that CP 1 did 
not admit a Kahler-Einstein metric, then V would be zero dimensional and it would 
be a single reduced point, which follows from JbJ of the properties of the multiplier 
ideal subschemes. We may assume that V = {z = 0} in CP 1 = C U {oo}. Let 
v = z-j^ G i)(M), then v = and the divergence of v is strictly positive at z = 0. 
Hence V C Z + (v), which is a contradiction. As far as the authors know, other 
applications of Theorem 13.11 except this example had been unknown until [21] . 

We wish to extend this in several ways. We wish first of all to get some more in- 
formations about Fano manifolds, secondly to show the existence of MIS for Kahler- 
Ricci solitons, and thirdly to study the MIS arising from the non-convergence of 
Kahlcr-Ricci flow and study the relation between MIS and F. 

We study three types of MIS: first of all KE-MIS which is due to Nadel, arising 
from the failure of solving Monge-Ampere equations for Kahler-Einstein metrics 
by continuity method, secondly KRS-MIS which arises from the failure of solv- 
ing Monge-Ampere equations for Kahler-Ricci solitons by continuity method and 
thirdly KRF-MIS which arises from the failure of convergence of Kahlcr-Ricci flow. 

Let M be a Fano manifold, G a compact subgroup of Aut(M), and T r the 
maximal torus of G. For any G-invariant Kahlcr metric g with 

Lu g := ^^9iJ dzl A dz 1 G ci(M) 

consider the Hamiltonian T r -action with the moment map \i g : M — > V* . We 
normalize it by 

/ u x e h iu m = 

where Ux(p) = (n{p),X) and Ric w — u> = iddh. Note that this normalization is 
equivalent to requiring ux to satisfy 

Au x + Xh + u x = 0, 

see [18]. For £ G t r put 

:={y€f,(M) | <y,£> < 0}. 

Theorem 3.2 ( [2 1 j ) . Suppose M does not admit a Kahler-Einstein metric, and 
let V be the support of the KE-MIS. Let £ G t' r C f)(M) satisfy F(y{) > where v% 
is the holomorphic vector field corresponding to £. Then 

for any G-invariant Kahler metric g whose Kahler form is in c\(M). 

Corollary 3.3. Let M be the one-point blow-up of CP 2 . Then V is the exceptional 
divisor. 
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Note that this V destabilizes slope stability in the sense of Ross- Thomas by a 
result of and Panov and Ross [52] . 

Here is the outline of the proof of Theorem 13.21 Let h € C°°(M) satisfy Ric g — 
uj g = iddh. Suppose 

det(g z? + ifig) = e _ tv+h 

has solutions only for t € [0, to), to < 1. Then we have an MIS with a support V. 
The following fact is due to Nadel based on earlier estimates by Siu and Tian. 

Fact 3.4. Let K C M — V be a compact subset of M — V. Then 

K 



as £ — > to- 
Fact 3.5. 

where 
Fact 3.6. 



fx g (p) € D^°(0 (div(« € ))(p) > 
div(^)(eV™) = £, U5 (eV™). 



£ 



— r F ( w «) = / div («« 

- 1 JM 



By Fact 13.61 and our assumption F(v%) > 0, we have for t <G (5, to) with to < 1 

div(« c ) < = -^f(^) < -c 

' M 1 — 1 

with C > independent of £. 

We seek a contradiction by assuming /x 9 (V) C Z?-°(£) = {div(u^) > 0}. Choose 
e > small and put 

W e := {p G M|div(w 5 )(p) < -e}. 
Then W e cM-F compact. Apply Fact IBTil to W t to get 

as £ — > to ■ 
But then 

-C> [ div(v c )u; t m = / div(^)o; t m + / div(v c )u; t m 
> -2evol{M,g) 

as £ — ► £oi a contradiction ! This completes the outline of the proof of Thcorcm l3.2l 
Next, we turn to KRS-MIS. Let M be again a Fano manifold of dimension m. 
Let u) g £ c\{M) be a Kahler form and v £ t) r (M) a holomorphic vector field in the 
reductive part f) r (M) of \)(M). 

Definition 3.7. The pair (g,v) is said to be a Kahler-Ricci soliton if 

Ric(a> s ) -u) g = C v (uj g ). 
(Hence is necessarily a Killing vector field.) 
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Start with an initial metric g° with u>q := uj g a £ c±(M). 



Ric(wo) - w = iSS/io, / e' l °w " = 

/A/ JAf 



i v u = id6 v ,o, / e"'-°u^ = / w™. 

Jm Jm 

Consider for t £ [0, 1] 

det(4 + Vt%1 ) = det^^e^-^. -"^-*^. 

The solution for t = 1 gives the Kahlcr-Rlcci soliton. Zhu [62] has shown that f: = 
always has a solution. The implicit function theorem shows for some e > 0, all 
t £ [0,e) have a solution. 

Suppose we only have solutions on [0, too), £oo < 1. 

Let 9 ViB satisfy 

i v u g =i8e Vig , f e d ^LJ g n = f w™. 
Definition 3.8. Define F v : f)(M) C by 



F V (W) = / W(hg-0 vtg y 

Tian and Zhu 152] showed that this i* 1 ,, is independent of g with w g £ C\(M). 
Theorem 3.9 (Tian-Zhu [Uj). There exists a unique v £ f) r (M) suc/i i/iai 

F„(u>) = for all w £ i) r (M). 
We take v to be the one chosen in the Theorem [ 



Theorem 3.10 ([H]). Let K be the compact subgroup such that t <X> C = t) r (M). 
Let v be the one chosen in the Theorem \ 3.9[ Suppose there is no KRS. Then we 
get an MIS and its support V s satisfies 

V v (t Z+(grad'w) for Vw G f) r (M). 

Just as Nadel applied Theorem 13.11 to prove the existence of Kahler-Einstcin 
metric on CP 1 , we can apply Theorem 13.101 to prove the existence of KRS on the 
one point blow-up of CP 2 . 

Next we consider KRF-MIS. As mentioned in section 2, there are two approaches 
to KRF-MIS, one by Phong, Sesum and Sturm [37], and the other by Rubinstein 
|40j . Here, we consider the one considered by Rubinstein. So, one gets an MIS from 
the failure of convergence of normalized Kahler-Ricci flow: 

(20) ^ = -Ric( 5 )+ 5 . 

If we put g t fj = gq + ip tj j the Ricci flow is equivalent to 

~dt -° det( % ) 

Rubinstein modified Phong-Scsum-Sturm's MIS using the idea of Dcmailly-Kollar: 

(ft — I ft u m — > Lpoo almost psh 
Jm 
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dipt , det (9i] + f t {]) . , 



as t — > oo. Let V 1 be the MIS for tp = 7</?oo, 7 G 1), defined by 

T(U,X(ip)) = { / G Om{U) I / |/| 2 < oo}. 

This MIS satisfies 

H q (M,l(ip)) = for V<?>0. 
In general, it seems to be difficult to calculate (the support) of KRF-MIS. However, 
under some assumptions, it becomes computable. To explain it, we recall the 
following two results. Let M be a toric Fano manifold of dimension m, on which 
the algebraic torus Tc = (C*) m acts. Let Tk = T m be the real torus and Ik its Lie 
algebra. We further put N M = Jt R . Let W(M) = N(T C )/T C be the Weyl group. 

Theorem 3.11 (Wang-Zhu [56 ). There exists a Kahler-Ricci Soliton (<?krSi ^krs)- 

Here we assume that K denotes a maximal compact subgroup of the reductive 
part of Aut(M) and K VKRS denotes the one-parameter subgroup of K generated by 
the imaginary part of ukrs- Then, 

Theorem 3.12 (Tian-Zhu |53|). Let M be a (not necessarily toric) Fano manifold 
which admits a Kahler-Ricci soliton (<?krs , ^krs ) • Then, any solution g t of [2tyl 
will converge to <7krs i n the sense of Cheeger-Gromov if the initial Kdhler metric 
is K VKRS -invariant. 

Combining Theorem 13.111 and Theorem 13. 121 we find that the flow (f2U)) always 
converges to a Kahler-Ricci soliton in the sense of Cheeger-Gromov on toric Fano 
manifolds. This fact suggests us a possibility to understand the asymptotic behavior 
of gt along (f20|) and to get some information about KRF-MIS from data of Kahler- 
Ricci solitons. In fact, the second author proved 

Theorem 3.13 Suppose that the fixed point set N^^ M ' of the Weyl group 

W(M) on TVr is one dimensional. Let cr t = exp(£i>KRs) be the one parameter group 
of transformations generated by wkrs? < 7 < 1 and u a T^-invariant Kdhler form 
in ci(M). Then the support of Rubinstein's KRF-MLS of exponent 7 is equal to the 
support of the MLS of exponent 7 obtained from the Kdhler potentials of {(a^ 1 )* uj} . 

Remark that the assumption of N^^ M ^ is constrained and it would be expected 
to be removed. Using the above theorem, the second author computed the support 
of KRF-MIS for various 7 on some examples. For example, we can prove 

Corollary 3.14. Let M be the blow up o/CP 2 at pi and pi . Let E\ and E2 be the 

exceptional divisors of the blow up, and Eq be the proper transform of p\Pi of the 
line passing through p\ and P2 ■ Then, the support of KRF-MIS on M of exponent 
7 is 

/ U| =0 ^ forje (±1), 
\ E / r 7 G(f,i). 

It would be interesting to consider a relationship between destabilizing test con- 
figurations and the pair of the support of KRF-MIS and its exponent. 
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